Abstmct-Web-winding systems such as tape drives are often modeled as linear and time-invariant &TI), but at least two nonlinearities are common in these systems. First, the reel radii and moments of inertia change as web media spools from one reel to another. Second, friction can draw a thin layer of air between the layers of web media wrapped on the takeup reel, making the system's spring and damping characteristics nonlinear by allowing a greater length of media to vibrate freely. Little bas been published regarding the dynamic behavior of this "air entrainment" phenomenon. This paper first describes a model for web-winding systems that indudes these nonlinearities. No particular model is taken for air entrainment it is only assumed that its effects are bounded in a certain sew. It is further assumed that the motor parameters are not known exactly. Feedback linearization, state feedback, and changes of variables are then used to transform the system into decoupled and intuitively meaningful tension and velocity loops. Lyapunov redesign techniques are then used to develop control laws that are robust with respect to the motor parameters. Under these laws, velocity error is exponentially stable and tension error satisfies a desired bound for all t i m e with tension error also exponentially stable in the steady-state case. Simulations illustrate the performance of these schemes.
I. INTRODUCTION
Reel-to-reel web-winding systems are common in the fabrication and transport of materials such as paper, metal, and photographic film. They are integral to information storage systems using magnetic tape, and also have applications in entertainment. Advances in web-winding system control may improve transient performance, reliability, and tracking of the desired web velocity and tension. A more robust control scheme may also reduce costs by diminishing the need for lengthy and costly "iuning" of controllers or expensive, tightly specified hardware components. This paper develops such schemes largely from the perspective of tape systems.
A basic model for web-winding systems is linear and time invariant (LTI) [Z]. However, a number of nonlinearities and disturbances affect the system. First, the radii and moments of inertia of the two reels slowly vary as tape spools from one reel to the other. Second, a nonlinear effect called "air entrainment" occurs when friction draws a thin layer of air many layers deep into the pack of web media wrapped on the takeup reel. This allows a greater length of the +This work was supponed in pm by the Colorado Center for Information
Stmge and the National Science Foundation (Grant CMMZ01459).
media to vibrate, effectively making the spring and damping parameters time-varying. Little has been published about the dynamics of air entrainment, though some work bas been done investigating the steady-state phenomenon [3], [SI.
Another complication stems from the use of DC-motors to drive the reels. In practice, the constants characterizing these motors are only specified within a certain range, with more tightly specified motors costing more. This uncertainty is often ignored in the literature, but it may be important if motor costs are an issue. Section I1 presents a nonlinear web-winding model that extends the model of [7] to include these uncertainties and nonlinearities. These schemes are shown io be stable at various steadystate operating points. However, if reel velocities change (say, from zero to operating velocity) then air entrainment changes the spring and damping parameters during rhe nianeuver. In this case the system is not in "steady-state." The stability of existing controllers has yet to be established analytically for the whole nonlinear system (i.e., where entrained air and the reel radii and moments are dynamical variables). Further, gain-scheduled linear controllers have the potential disadvantage of being costly and time-consuming to tune [6].
The H x designs may also be of high order. Finally, none of these schemes addresses the inevitable motor parameter uncertainties. While these schemes have proven workable in practice, a nonlinear control strategy may offer advantages in clarity, performance, and the tractability of stability analysis. It may also help reduce hardware and development costs. This paper presents a robust nonlinear feedback controller that is robust to uncertainties in the motor torque and friction parameters, and treats air entrainment as a dynamical variable. No particular model is assumed for air entrainment; 0-7803-7924-1/03/$17.00 02003 IEEErather, the spring and damping parameters are taken to be wholly unknown and time-varying with the assumption that they satisfy reasonable bounds. The controller is robust over all such parameter trajectories. Like existing schemes, it assumes that measurements of tension and reel velocity measurements are always available. It also requires knowledge of the reel radii and moments, which are available in practice by using the reel velocity measurements to keep track of how much web media is on each reel. To develop the controller, the nonlinear system model is first manipulated in Section Ill via feedback linearization and changes of variables. Linear state feedback is also added, with the gains left undetermined. The resulting equations are intuitively useful in that, except for disturbance terms that account for possible modeling errors, the tension and velocity loops are independent and linear.
Control laws are developed in Section IV. It is well known that feedback linearization is sensitive to modeling errors, and the model here contains four motor constants that may be known only within a specified range. Lyapunov redesign [4] is applied to make the feedback control robust to these uncertainties. This redesign is interesting because it is applied to each loop separately and does not require knowledge of the air entrainment effects on the system. It is shown that the feedback gains can be chosen so that: the velocity error goes to zero exponentially fasc where the time constant can be chosen arbitrarily (subject only to actuator limitation constraints);
. the tension error stays in a desired range for all time; the tension error goes to zero exponentially fast in steady-state (i.e., when air entrainment is constant).
The development of this baseline controller emphasizes intuitive clarity and simplicity. To both improve transient response and reduce peak motor currents, a modified saturating controller is also developed for the velocity loop. Simulations in Section V show the performance of both the baseline and modified controllers under various air entrainment scenarios, with modeling errors introduced as well.
Note: Some controls discussed are discontinuous, and hence it is not immediately clear that state trajectories exist for the associated discontinuous differential system equations. This is not necessarily a practical concern, in pari because in implementation one would apply a continuous approximation to the sign{ .} function, and also because states of a real web-winding system must always exist. In any case, the results in this paper show that if srare irajecrories exist then they have certain stability or boundedness properties.
NONLINEAR WEB-WINDING SYSTEM MODEL
This section reviews system equations for a web-winding system, building on the development in [7] . Air entrainment and motor parameter uncertainties are also formulated. Figure 1 shows the well-known lumped-parameter model for web transport. The reels have radii ~( t ) and rz(t), moments of inertia J 1 ( t ) and Jz(t), and turn with angular velocities w1 ( t ) and wa(t). The length of web media between the reels has tension T(t), and is modeled by a spring and dashpot with time-varying parameters K ( t ) and D ( t ) , in parallel. DC motors driven by currents zll(t) and uz(t) turn the reels. The reel moments are related to the radii by
A. System Equations
where J , is the moment of inertia of an empty reel and motor, TI is the radius of an empty reel, and KJ = tpt,7r/2, where t p and t , denote tape density and width, respectively. The radii and moments of inertia vary according to where E denotes tape thickness. It is convenient to express the state of the system in terms of the reellmoment vector y ( t ) I [rl(t) 
rz(t) A ( t ) Jz(t)lT, the tension T ( t ) , and the tangential reel velocities
Vl(t) = r1(t)w(t),(3)
W t ) = TZ(t)'JJZ(t),
where denotes transpose. The tape velocity is defined 
where C K and CD are constants of the web media. These expressions are readily derived by considering a chain of linear springs (or dashpots) connected in series. Expressing is considered an unknown and time-varying parameter.
C. Parameter Uncertainties
In practice the motor constants Kti and Pi, where i E {1,2}, are usually specified only within given ranges:
The size of these ranges varies inversely with motor cost.
Controllers must be implemented using estimates (or "nominal values") Kt, and Pi of these constants.
TRANSFORMATION OF THE MODEL
In this section the model is manipulated via three intuitive steps, resulting in separate tension and velocity loops. For the algebra these steps require, it is often helpful to note that the matrix B(y, D ) in (4) can be factored as where Time-dependence is suppressed in some expressions below. (caused by ai entrainment) cannot be cancelled. Without this disturbance and the term A,, the system (1 I) would have an equilibrium point at the origin for U* = 0.
A. Shifring fo an Error

B. Feedback linearization
Feedback is now used to linearize the system and obviate the need for (2) to be considered as part of the system equations. State feedback is also added for the purposes of control, with feedback coefficients left undetermined at present. Taking advantage of knowledge of y(t), let
where Ub(t) = [Zlbl(t) ?lbz(t)]' is determined below and R z [ ; ' I , for some gains p , s , and e. The second term on the rightband side of (12) helps decouple the tension and velocity loops below, where R is a decoupling matrix. The first term provides state feedback. Symmetry motivates the choice to parameterize M(y) with just three distinct feedback gains instead of six. For instance, one intuitively expects that the gain from a reel's velocity to its input current should be the same for both reels. The gains c and s represent "self' and "cross" feedback, while the reels get opposite tension feedback + p because tension provides them opposite torques. The The state equations are now e, (13) 1
where Note that the system matrix is now independent of y(t), and linear if D(.) is considered a time-varying parameter.
C. Decoupling Tmnsformation
Making use of (9). the state transformation Error terms due to motor parameter uncertainties in the equilibrium shift, feedback linearization, and decoupling enter the equation at the same point as Ub. Note that the "tension loop" (in eT and e w ) and "velocity loop" (m e") are independent except for these terms. State feedback gains p, s, and c have not yet been determined. The next section derives separate controls for the two loops that guarantee robust performance.
Iv. CONTROL SCHEMES
This section develops control laws for the tension and velocity loops. These schemes are robust in the sense that performance is guaranteed so long as the motor constants Kti E [Kti, , , , , , Ktima, l and 0; E [0i, , , , 0im, , ] , and the unknown damping trajectory D(.) E D.
A. Veloci@ Loop-Linear Control
The state equation for the velocity loop can be written
--[l 2 l]N-'(y) (N(y)Rub + A ) .
Suppose that Ub is selected such that Such a ub will be calculated below in (40). Then intuitively Ubl aCtS to decrease the magnitude of e" at least as strongly as the error terms $11 l]N-'(y) (N(y)Rub + A to increase it, so that velocity error goes exponentially fast to zero. The result below puts this in rigorous terms. The constraint (23) is analogous to (17), except that here the sign function ensures that U b acts to decrease a particular Lyapunov function candidate (rather than a particular state) more than the error terms can act to increase it. The constraints (22) ensure positive-definiteness and other properties of the Lyapunov function candidate, which allows the construction of an invariant set in the (eT, ew)-plane. The size of this set determines the bound (24), and can be reduced by choosing p to be more negative, provided an h satisfying (22) exists. In practice, -p cannot he made arbitrarily large because of limits on control authority (such as motor current limits). The bound (24) can also be made smaller by slewing the velocity less aggressively, which reduces &=. 
D(t)
[eT(t) ew(t)lT, t E [to,m), of the system (21) satisfies Note that ub is undefined if (Ktimsc -Kt<)jkti = 1, so this control can he calculated for any motor parameter tolerance less than 100%. However, it is clear from (40) that greater motor tolerances increase IUbl, and may therefore lead to higher peak motor currents.
V. SIMULATION RESULTS
The developed control laws are simulated using parameters based on the testbed tape system described in [7] , which appear in Table ! so that the 2% settling time of the velocity is less than 150 ms. Next, let p = -500 so that absolute tension error never exceeds 0.28 N. Finally, (22) requires h = e -s 2 110.
In simulation, choosing e-s greater than this minimum leads to higher performance without a substantial increase of the peak motor currents. Hence, take e -s = 650. Then c = 312 and s = -338. Simulations are performed with each motor constant at the boundary of its specified range: Figure 4 shows the performance of this nonlinear velocity controller. Peak current is a~more reasonable 8 A, and settling time is 97 ms. Peak current can be traded for settling time by decreasing C1, hut also varies strongly with the desired robustness to motor parameter errors. Figure 5 shows a ramp-down maneuver, for which tension error drops more slowly because initial damping is much lower. Note that the inputs change slope when the linear region about Vd is reached at 90-100 ms.
Note that the controllers are discontinuous because of the sign{.} functions. In practice this may lead to undesirable chattering phenomena. Therefore, these simulations were implemented with sign{.} replaced by the approximation for eo = 0.1. Choice of €0 and the effect of this approximation depend on the size of disturbances in particular systems.
VI. CONCLUSIONS AND FUTURE WORK
This paper presents a nonlinear controller with guaranteed performance. The scheme is robust to air entrainment and uncertainties in the motor torque and friction parameters. Proper choice of feedback gains ensures that velocity error goes exponentially to zero with arbitrary time constant, and tension error remains in a desired range. Tension ermr is exponentially stable when air entrainment is constant. A modified velocity-loop control provides improved transient response and reduces peak motor currents in simulation. The control law can be calculated for any motor parameter tolerance less than 100%. though peak motor currents may increase with motor parameter tolerance.
Several other disturbances and sources of error might be addressed in the future, such as reel eccenuicity and stiction. Further, a control scheme that does not require a tension transducer would allow for significant hardware cost reductions.
